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Abstract
The Batalin-Vilkovisky field-antifield action for systems with first-class constraints
is given explicitly in terms of the canonical hamiltonian, the hamiltonian constraints
and the first-order hamiltonian gauge structure functions. It is shown that this action
does not depend on the hamiltonian gauge structure functions of higher orders. A
method for finding the lagrangian gauge structure tensors of all orders is presented. It
is proven that the lagrangian gauge structure tensors do not depend on the hamiltonian
gauge structure functions of second- or higher-orders.
The Batalin-Vilkovisky (BV) quantization approach [1, 2, 3, 4] is a reliable quantization
scheme for theories with open gauge algebras like supergravity [5, 6, 7]. In the lagrangian
formalism, an open gauge algebra is characterized by a set of gauge structure tensors [7, 1, 2,
3]. These tensors can be obtained from the BV field-antifield action [2, 3]. In several works
[8, 9, 10, 11, 12, 13, 14] it has been shown that the BV field-antifield action is determined by
the BRST extended Hamiltonian and the BRST charge. In order to determine the BRST
charge, one requires knowledge of the hamiltonian gauge structure functions of all orders [15].
Therefore, one may conclude that the lagrangian gauge structure tensors of higher orders
must depend on the higher order hamiltonian gauge structure functions. In this paper we
will show that this is not the case.
The purpose of the present paper is to prove that all the lagrangian gauge structure
tensors are completely determined by the canonical Hamiltonian, the hamiltonian first-class
constraints and the hamiltonian first-order gauge structure functions. In order to accomplish
this, we will show that the generating functional of the lagrangian gauge structure tensors,
the BV field-antifield action, can be written as a function of these hamiltonian quantities
alone and does not depend on the hamiltonian gauge structure tensors of higher orders. We
will also present an algorithm that will allow us to find all the lagrangian gauge structure
tensors explicitly.
The BV field-antifield action S is a proper solution of the classical master equation [2, 3]:
(S, S) ≡ 0 (1)
with the boundary conditions:
S|q∗=0,C∗=0 = S0 (2)
δlδrS
δq∗i δC
µ
∣∣∣∣
q∗=0,C∗=0
= Riµ (3)
The bracket in (1) is the BV antibracket [2].
The quantities Cµ(µ = 1, 2, ..., m) are ghost fields. The variables q∗i (i = 1, 2, ..., n) and
C∗µ(µ = 1, 2, ..., m) are the antifields [2].
The zeroth-order lagrangian gauge structure function S0 is the action functional of the
physical theory:
S0 =
∫
dtL0 (4)
The lagrangian first-order gauge structure functions Riµ are the generators of the la-
grangian gauge transformations.
The BV field-antifield action can be written in the following form:
S =
∫
dtL (5)
where [2, 3]:
1
L = L0 + q
∗
iR
i
αC
α +
1
2
C∗δT
δ
αβC
βCα −
1
4
q∗i q
∗
jE
ji
αβC
βCα −
1
2
C∗δ q
∗
iD
iδ
αβγC
γCβCα +
+
1
12
q∗i q
∗
j q
∗
kM
kji
αβγC
γCβCα + ... (6)
The tensors T ηαβ and E
ij
αβ are the second-order gauge structure functions of the gauge
algebra in the lagrangian formalism. The generators of lagrangian gauge transformations Riµ
are said to form an open gauge algebra if Eijαβ 6= 0 [7, 1, 2, 3]. If E
ij
αβ = 0, the gauge algebra
is said to be closed.
The existence of the higher order lagrangian gauge structure functions (Diραβγ ,M
ijk
αβγ, etc)
has been proven using an axiomatic approach in [2]. These functions were constructed
explicitly in [16].
The BV field-antifield action is the generating functional of the structure tensors of the
gauge algebra in the lagrangian formalism [2, 3].
Let us consider a system with only primary first-class irreducible hamiltonian constraints
Gµ(µ = 1, 2, ..., m), such that [17, 18]:
{Gα, Gβ} ≡ C
η
αβGη (7)
{H0, Gµ} ≡ V
η
µGη (8)
{Cηαβ, Gγ}+ {C
η
βγ, Gα}+ {C
η
γα, Gβ} − C
δ
αβC
η
γδ − C
δ
βγC
η
αδ − C
δ
γαC
η
βδ ≡ J
ησ
αβγGσ (9)
The function H0 is the canonical Hamiltonian. The tensors C
η
αβ and J
ησ
αβγ are the hamil-
tonian gauge structure functions of first- and second-order respectively.
Let FL∗ be the pullback application [19, 20] from the momentum phase space into the
velocity phase space defined by the relations:
FL∗pi ≡
∂L0
∂q˙i
(q, q˙) (10)
Notice that the generators of the lagrangian gauge transformations Riµ can be written in
terms of the hamiltonian constraints as follows [17]:
Riµ = FL
∗
∂Gµ
∂pi
(11)
Let us consider the extended momentum phase space with points (qi,Pi, C
α, piα, q
∗
j , p
∗j, C∗β , pi
∗β),
where Pi are the canonical momenta conjugate to q
i:
Pi = pi + q
∗
kp
k
iα(q, p)C
α +
1
2
C∗δp
δ
iαβ(q, p)C
βCα −
1
4
q∗kq
∗
l p
lk
iαβ(q, p)C
βCα
−
1
2
C∗δ q
∗
kp
kδ
iαβγ(q, p)C
γCβCα +
1
12
q∗mq
∗
l q
∗
kp
klm
iαβγ(q, p)C
γCβCα + ... (12)
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The canonical momentum variables piα, p
∗j and pi∗β are conjugate to the coordinates Cα, q∗j
and C∗β respectively.
We define the pullback application FL∗ as follows:
FL∗Pi ≡ FL
∗pi + q
∗
kFL
∗pkiαC
α +
1
2
C∗δFL
∗pδiαβC
βCα −
1
4
q∗kq
∗
l FL
∗plkiαβC
βCα
−
1
2
C∗δ q
∗
kFL
∗pkδiαβγC
γCβCα +
1
12
q∗mq
∗
l q
∗
kFL
∗pklmiαβγC
γCβCα + ... (13)
FL∗piα ≡ 0 (14)
FL∗p∗j ≡ 0 (15)
FL∗pi∗β ≡ 0 (16)
The functions FL∗pi, FL
∗pkiα, FL
∗pδiαβ , FL
∗plkiαβ, FL
∗pkδiαβγ , FL
∗pklmiαβγ , etc are determined
by the equations:
FL∗Pi ≡
∂L
∂q˙i
(17)
FL∗
∂H
∂Pi
+ ΛµFL∗
∂Gµ
∂Pi
≡ q˙i (18)
FL∗Gµ ≡ 0 (19)
We claim that the BV Lagrangian L can be written in terms of the canonical Hamiltonian
H0, the hamiltonian first-class constraints Gµ and the hamiltonian first-order gauge structure
funtions Cηµν as follows:
L = q˙iFL∗Pi − FL
∗H0 + q
∗
kFL
∗
∂Gα
∂Pk
Cα +
1
2
C∗δFL
∗CδαβC
βCα (20)
The hamiltonian H will be given by the expression:
H = H0 (q,P)− q
∗
k
∂Gα
∂Pk
(q,P) Cα −
1
2
C∗δC
δ
αβ (q,P) C
βCα (21)
From (13) it follows that for any analytic function K = K (q,P) we can write:
3
FL∗K ≡ K (q,FL∗P)
≡ FL∗K + q∗kFL
∗
(
∂K
∂pi
pkiα
)
Cα +
1
2
C∗δFL
∗
(
∂K
∂pi
pδiαβ
)
CβCα
−
1
4
q∗kq
∗
l FL
∗
(
∂K
∂pi
plkiαβ −
∂2K
∂pi∂pj
(
pkiαp
l
jβ − p
k
iβp
l
jα
))
CβCα
−
1
2
C∗δ q
∗
kFL
∗
(
∂K
∂pi
pkδiαβγ −
1
3
∂2K
∂pi∂pj
(
pkiαp
δ
jβγ + p
k
iβp
δ
jγα + p
k
iγp
δ
jαβ
))
CγCβCα
+
1
12
q∗nq
∗
mq
∗
l FL
∗
(
∂K
∂pi
plmniαβγ −
∂2K
∂pi∂pj
(
pniαp
lm
jβγ + p
n
iβp
lm
jγα + p
n
iγp
lm
jαβ
)
+2
∂3K
∂pi∂pj∂pk
pniαp
m
jβp
l
kγ
)
CγCβCα + ... (22)
The Lagrange multipliers Λµ can also be written as:
Λµ = λµ(q, q˙) + q∗kλ
µk
α (q, q˙)C
α +
1
2
C∗δλ
µδ
αβ(q, q˙)C
βCα + ... (23)
Let us consider the action:
S =
∫
dtL (24)
where L is given by the expression (20).
We will prove that the action S (24,20) is a proper solution of the classical master equation
(1) with the boundary conditions (2) and (3).
The antibracket in (1) can be written as [2, 3]:
(S, S) ≡ 2
∫
dt
(
δrS
δqi
δlS
δq∗i
+
δrS
δCα
δlS
δC∗α
)
(25)
From (20) and (21) we find that the first functional derivatives of the action S can be
written in the following form:
δrS
δqi
= FL∗Pi
d
dt
− FL∗
∂H
∂qi
+
(
q˙j −FL∗
∂H
∂Pj
)(
∂
∂qi
(FL∗Pj) +
∂
∂q˙i
(FL∗Pj)
d
dt
)
(26)
δlS
δq∗i
= FL∗
∂Gα
∂Pi
Cα +
∂l
∂q∗i
(FL∗Pj)
(
q˙j −FL∗
∂H
∂Pj
)
(27)
δrS
δCα
= q∗kFL
∗
∂Gα
∂Pk
+ C∗δFL
∗CδαβC
β +
(
q˙j −FL∗
∂H
∂Pj
)
∂r
∂Cα
(FL∗Pj) (28)
δlS
δC∗α
=
1
2
FL∗CαβγC
γCβ +
∂l
∂C∗α
(FL∗Pj)
(
q˙j −FL∗
∂H
∂Pj
)
(29)
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On the other hand, from (19) we find the following identities:
∂
∂qi
(FL∗Gµ) ≡ FL
∗
∂Gµ
∂qi
+
∂
∂qi
(FL∗Pj)FL
∗
∂Gµ
∂Pj
≡ 0 (30)
∂
∂q˙i
(FL∗Gµ) ≡
∂
∂q˙i
(FL∗Pj)FL
∗
∂Gµ
∂Pj
≡ 0 (31)
∂l
∂q∗i
(FL∗Gµ) ≡
∂l
∂q∗i
(FL∗Pj)FL
∗
∂Gµ
∂Pj
≡ 0 (32)
∂r
∂Cα
(FL∗Gµ) ≡ FL
∗
∂Gµ
∂Pj
∂r
∂Cα
(FL∗Pj) ≡ 0 (33)
∂l
∂C∗α
(FL∗Gµ) ≡
∂l
∂C∗α
(FL∗Pj)FL
∗
∂Gµ
∂Pj
≡ 0 (34)
Substituting (18) and (30-34) into (26-29) we finally obtain:
δrS
δqi
= FL∗Pi
d
dt
− FL∗
∂
∂qi
− ΛµFL∗
∂Gµ
∂qi
(35)
δlS
δq∗i
= FL∗
∂Gα
∂Pi
Cα (36)
δrS
δCα
= q∗kFL
∗
∂Gα
∂Pk
+ C∗δFL
∗CδαβC
β (37)
δlS
δC∗α
=
1
2
FL∗CαβγC
γCβ (38)
Therefore, we can write the BV antibracket of the action S with itself as follows:
(S, S) = 2
∫
dt
[
FL∗Pi
d
dt
(
FL∗
∂Gα
∂Pi
Cα
)
+
1
2
q∗jFL
∗
∂Gµ
∂Pj
FL∗CµαβC
βCα
−
(
FL∗
∂H
∂qi
+ ΛηFL∗
∂Gη
∂qi
)
FL∗
∂Gµ
∂Pi
Cµ
−
1
6
C∗δFL
∗
(
C
η
αβC
δ
γη + C
η
βγC
δ
αη + C
η
γαC
δ
βη
)
CγCβCα
]
(39)
From (39), integrating by parts and using the relations (18, 21) we find that the BV
antibracket of the functional S with itself can be written as:
5
(S, S) = 2
∫
dt
[
−
d
dt
(FL∗Gα) C
α + FL∗{Gα, H0}C
α + ΛµFL∗{Gα, Gµ}C
α
−
1
2
q∗kFL
∗
(
∂
∂Pk
{Gα, Gβ} −
∂Gη
∂Pk
C
η
αβ
)
CβCα
−
1
6
C∗δFL
∗
(
{Gα, C
δ
βγ}+ {Gβ, C
δ
γα}+ {Gγ, C
δ
αβ}+ C
η
αβC
δ
γη + C
η
βγC
δ
αη + C
η
γαC
δ
βη
)
CγCβCα
]
+ 2FL∗
(
Pi
∂Gα
∂Pi
)
Cα
∣∣∣∣
tf
ti
(40)
Using (7, 8, 9) and (19) in (40), it immediately follows that (40) reduces to:
(S, S) = 2FL∗
(
Pi
∂Gα
∂Pi
)
Cα
∣∣∣∣
tf
ti
(41)
Assuming that Cα(ti) = C
α(tf ) = 0 we finally obtain:
(S, S) = 0 (42)
This proves that S in (24, 20) satisfies the BV classical master equation.
From (20) and (12) it immediately follows that:
L|q∗=0,C∗=0 = q˙
iFL∗pi − FL
∗H0 = L0 (43)
and therefore, S in (24, 20) satisfies the boundary condition (2).
From (36) and (37) it follows that:
δlδrS
δq∗i δC
µ
∣∣∣∣
q∗=0,C∗=0
= FL∗
∂Gα
∂Pk
(44)
Finally, from (44), (22) and (11) we obtain:
δlδrS
δq∗i δC
µ
∣∣∣∣
q∗=0,C∗=0
= Riµ (45)
This proves that the action functional S also satisfies the boundary conditions (3).
Therefore, we conclude that the Batalin-Vilkovisky field-antifield action can be written
in the form:
S =
∫
dt
[
q˙iFL∗Pi − FL
∗H0 + q
∗
kFL
∗
∂Gα
∂Pk
Cα +
1
2
C∗δFL
∗CδαβC
βCα
]
(46)
As it can be seen from (46), the BV field-antifield action is completely determined by
the canonical hamiltonian H0, the hamiltonian constraints Gµ and the hamiltonian first-
order gauge structure functions Cηµν . It does not depend on the hamiltonian second-order
gauge structure functions Jησαβγ or other higher order hamiltonian gauge structure functions.
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Since the BV field-antifield action is the generating functional of all the lagrangian gauge
structure tensors (6), we conclude that the lagrangian gauge structure tensors of all orders
are completely determined by H0, Gµ and C
η
µν .
Notice that formula (46) is valid for the generic case of systems with open lagrangian
gauge algebras. These systems may have nonvanishing lagrangian gauge structure tensors
of higher orders.
From (46) using (13) and (22) and expanding (18) and (19) with the use of (13), (22) and
(21, 23) we obtain the lagrangian gauge structure tensors up to fourth order in the form:
S0 =
∫
dt
[
q˙iFL∗pi − FL
∗H0
]
(47a)
Riµ = FL
∗
∂Gµ
∂pi
(47b)
T ηµν = FL
∗Cηµν (47c)
Eijµν = FL
∗
(
pikµ
∂2Gν
∂pk∂pj
− pikν
∂2Gµ
∂pk∂pj
)
(47d)
D
iρ
αβγ = −
1
3
FL∗
(
pikα
∂C
ρ
βγ
∂pk
+ pikβ
∂Cργα
∂pk
+ pikγ
∂C
ρ
αβ
∂pk
)
(47e)
M
ijk
αβγ = −
1
3
FL∗
[
∂2Gα
∂pk∂pl
p
ij
lβγ +
∂2Gβ
∂pk∂pl
p
ij
lγα +
∂2Gγ
∂pk∂pl
p
ij
lαβ +
+
∂3Gα
∂pk∂pm∂pn
(
pimβp
j
nγ − p
i
mγp
j
nβ
)
+
∂3Gβ
∂pk∂pm∂pn
(
pimγp
j
nα − p
i
mαp
j
nγ
)
+
+
∂3Gγ
∂pk∂pm∂pn
(
pimαp
j
nβ − p
i
mβp
j
nα
)]
(47f)
The functions FL∗pijα and FL
∗p
ij
kαβ are given by the expressions:
FL∗pijµ =WjkFL
∗
∂2Gµ
∂pk∂pi
(48)
FL∗pijkµν =
∂Wlm
∂q˙k
FL∗
(
∂2Gµ
∂pi∂pl
∂2Gν
∂pm∂pj
−
∂2Gν
∂pi∂pl
∂2Gµ
∂pm∂pj
)
+
+WlmWknFL
∗
∂
∂pn
(
∂2Gµ
∂pi∂pl
∂2Gν
∂pm∂pj
−
∂2Gν
∂pi∂pl
∂2Gµ
∂pm∂pj
)
(49)
The above derivations illustrate how the lagrangian gauge structure tensors can be derived
from the BV field-antifield action (46).
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